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A BLOCH-OGUS THEOREM FOR NOETHERIAN LOCAL DOMAINS IN
MIXED CHARACTERISTIC
NEERAJ DESHMUKH, GIRISH KULKARNI, AND SURAJ YADAV
Abstract. For Noetherian domains with only infinite residue fields, we prove the exactness of the
Nisnevich Gersten complex under some conditions. We also obtain, as a consequence, a Nisnevich
analogue of the Bloch-Ogus theorem for e´tale cohomology in this setting.
1. Introduction
Given a smooth algebraic variety X over a field, the classical Bloch-Ogus theorem says that the
Gersten complex is exact for e´tale cohomology with coefficients in the twisted sheaf µ⊗in of n-th roots
of unity. Originally proved by Bloch and Ogus in [BO], it was extended by Gabber [Gab] to any
torsion sheaf on Xe´t which comes from the base field. In fact, the methods in [Gab] could be applied
to any cohomology theory with supports which has the same properties as e´tale cohomology. This
was done in [CTHK] by Colliot-The´le`ne, Hoobler and Kahn. Using ideas of Gabber, they were able to
show that for any A1-invariant cohomology theory E for smooth varieties over a field, the associated
Gersten complex is exact. The essence of their methods lies in a geometric presentation lemma due
to Gabber [CTHK, Theorem 3.1.1].
In [SS2], Strunk and Schmidt prove a Nisnevich local analogue of the Bloch-Ogus theorem for
discrete valuation rings with only infinite residue fields. Strunk and Schmidt adapt the results in
[CTHK] to the mixed characteristic setting for discrete valuation rings with infinite residue fields,
using a Nisnevich local version of the geometric presentation lemma for discrete valuation rings with
infinite residue fields (see [SS1, Theorem 2.1]). In [DHKY], the geometric presentation lemma has
been extended to all noetherian domains with infinite residue fields.
In this note, we will extend the theorems in [SS2] to all noetherian domains with infinite residue
fields. Our main result is the following (see also [SS2, Theorem 5.12]):
Theorem 1.1. Let S be a spectrum of noetherian local domain will all residue fields infinite and let
E ∈ SptS1(Sms) be a A
1-Nisnevich local fibrant spectrum and X ∈ SmS be of dimension d . Then
the complex
0→ (EnX)
∼ e−→
⊕
z∈X(0)
j∗j
∗EnZ/X
d0
−→
⊕
z∈X(1)
j∗j
∗En+1Z/X
d1
−→ · · ·
· · ·
dd−2
−−−→
⊕
z∈X(d−1)
j∗j
∗En+d−1Z/X
dd−1
−−−→
⊕
z∈X(d)
j∗j
∗En+dZ/X → 0
is exact with possible exceptions at (EnX)
∼ and
⊕
z∈X(1) j∗j
∗En+1Z/X . Further if for each x ∈ X the
following map is trivial
EXσ/X(X
h
x )→ EX(X
h
x )
then the sequence is exact everywhere and thus we have a resolution of (EnX)
∼ by flabby Nisnevich
sheaves, which implies the following isomorphism
Hk(Y, (EnX)
∼) ∼= Hk(G•(E, n)(Y ))
for Y ∈ XNis, which vanishes for k > d.
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To prove the above theorem, we follow very closely the methods in [SS2]. The important dis-
tinction being that we replace the presentation lemma [SS1, Theorem 2.1] with the more general
result [DHKY, Theorem 1.1]. Specializing the above result to e´tale cohomology gives the Bloch-Ogus
Theorem for Nisnevich local schemes (see section 3). We begin with some preliminaries on model
structures on spectra over smooth schemes, and set-up the notation and terminology required.
Acknowledgments. The first-named author was supported by the INSPIRE fellowship of the De-
partment of Science and Technology, Govt. of India during the course of this work. The last-named
author was supported by NBHM fellowship of the Department of Atomic Energy, Govt. of India during
the course of this work. We thank Amit Hogadi for carefully going through the draft of this note.
2. Preliminaries
We will briefly review the set-up required to prove Theorem 1.1. There is no claim at originality
of content or presentation and most of the material can be found in [SS2]. We reproduce it here for
the sake of clarity of exposition.
Let S be a noetherian base scheme of finite type. Denote by SmS the category of smooth schemes
of finite type over S and by SptS1(SmS) the category of presheaves of spectra on SmS . For X ∈ SmS ,
SptS1(XNis) is the category of presheaves of spectra on the small Nisnevich site of X . We will work
with the object-wise model structures on these categories.
A morphism f : X → Y in SmS induces a morphism of the corresponding sites, f : SmY → SmX
by pullback. This gives rise to a Quillen adjunction,
f∗ : SptS1(SmY )⇆ SptS1(SmX) : f∗
and on the small Nisnevich sites,
SptS1(XNis)⇆ SptS1(YNis)⇆ SptS1(XNis)
where for the first one we have to assume that f is an object of YNis while the second one always exists.
For X → Y in SmY , given an E ∈ Spt
1
S(SmY ), we denote by EX its restriction to SptS1(XNis).
Definition 2.1. Let E ∈ SptS1(SmS) or E ∈ SptS1(XNis) be a spectrum. For n ∈ Z, we set
En(X) := π−n(E(X)).
Let E ∈ SptS1(SmS). Let X be an S-scheme, and Z ⊆ X be a closed subset. Consider the open
immersion j : X \ Z → X . If EX is the restriction of E to SptS1(XNis), the unit of adjunction
associated to the map j induces a canonical map
ηj : EX → j∗j
∗EX
in SptS1(XNis).
Definition 2.2. We denote by EZ/X , the homotopy fiber of ηj in SptS1(XNis).
Lemma 2.3. (Forget support map) [SS2, Lemma 3.7] Let Z ⊆ Z ′ ⊆ X be closed subsets of X, and
EX ∈ SptS1(XNis) be a spectrum. Then we have a canonical map (forget support) EZ/X → EZ′/X .
Recall from [MV] that a Nisnevich distinguished square is a pullback square
V Y
U X
f
i
such that i : U → X is an open immersion, f is an e´tale morphism of finite type and (X \ i(U))red×X
Y → X \ i(U))red is an isomorphism. This gives us the following criterion for an objectwise fibrant
spectrum to be Nisnevich local fibrant.
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Lemma 2.4. [SS2, Lemma 3.11] An objectwise fibrant spectrum E ∈ SptS1(SmS) is Nisnevich local
fibrant if and only if for all Nisnevich distinguished squares as above , the induced morphism
EZ/X → f∗f
∗EZ/X ≃ f∗Ef−1(Z)/Y
is an equivalence. Here, Z = X \ U .
Definition 2.5. Let EX ∈ SptS1(XNis) be a spectrum. For each integer p ≥ 0, we define the
spectrum,
EX(p) := colim
codim(Z,X)≥s
EZ/X
in SptS1(XNis). The structure maps are given by forget support maps (see Lemma 2.3).
For a smooth scheme X of relative dimension d, by the universal property of colimits and the
definition of codimension, we automatically have a filtration,
EX(d) → EX(d−1) → . . .→ EX(0) = EX
of presheaves of spectra on XNis.
Definition 2.6. We denote by EX(p/p+1) , the homotopy cofiber of the map EX(p+1) → EX(p) .
This cofiber sequence gives rise to a long exact sequence of homotopy groups for each p. Using these
long exact sequences for each p, we can construct a chain complex of presheaves of abelian groups on
XNis,
(1) 0→ EnX
e
→ EnX(0/1)
d0
→ En+1
X(1/2)
d1
→ . . .
dd−2
→ En+d−1
X(d−1/d)
dd−1
→ En+d
X(d)
→ 0
where the boundary maps are defined as in the diagram below:
En
X(1)
En+2
X(3)
En
X(0)
En+2
X(2)
0 EnX E
n
X(0/1)
En+1
X(1/2)
En+2
X(2/3)
En+1
X(1)
En+1
X(2)
En+1
X(0)
e d0 d1
The (anti-)diagonal complexes are long exact sequences associated to the cofiber sequenceEX(p+1) →
EX(p) → EX(p/p+1) . The horizontal maps are defined as the composition of the diagonal entries. It is
straightforward to see that this gives a complex of presheaves of abelian groups as in (1).
Lemma 2.7. For an irreducible closed set Z := {z}, consider the canonical morphism j : Spec (OX,z)→
X. Let E ∈ SptS1(SmS) be a Nisnevich local fibrant spectrum. Then for every integer s ≥ 0, we have
an equivalence
EX(p/p+1) ≃
⊕
z∈X(p)
j∗j
∗EZ/X .
This implies that for every integer n, we have an isomorphism on homotopy groups,
EnX(p/p+1) ≃
⊕
z∈X(p)
j∗j
∗EnZ/X .
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Proof. See [SS2, Proposition 3.19, Corollary 3.20]. See also [CTHK, Lemma 1.2.2]. 
In fact, more is true. One can also show that these sheaves of abelian groups are flabby (see [SS2,
Corollary 3.23]).
This tells us that for a Nisnevich local fibrant spectrum E ∈ SptS1(SmS), we may rewrite (1) as
0→ EnX →
⊕
z∈X(0)
j∗j
∗EnZ/X →
⊕
z∈X(1)
j∗j
∗En+1Z/X → . . .
. . .→
⊕
z∈X(d−1)
j∗j
∗En+d−1Z/X →
⊕
z∈X(d)
j∗j
∗En+dZ/X → 0
Definition 2.8. For every integer n, we call the above complex as the Nisnevich Gersten complex of
E and homotopical degree n. We will denote it by G•(E, n) where,
Gp(E, n) :=
⊕
z∈X(p)
j∗j
∗EnZ/X .
3. Main Result
In this section we first prove a general result about A1-Nisnevich local fibrant spectrum E in
Theorem 1.1. As an application of this result when E is taken to be Nisnevich sheafification of e´tale
cohomology, we prove Theorem 3.4. The Bloch Ogus theorem for e´tale cohomology of Nisnevich local
schemes immediately follows (see Corollary. 3.5).
Throughout this section let S denote the spectrum of a noetherian domain R with all residue fields
infinite. Fix a point s in S, let F be its residue field, p be the characteristic of F and k be its quotient
field.
3.1. Gersten complex for A1-Nisnevich local fibrant spectrum. In this section we establish
Theorem 1.1. This theorem gives the exactness condition for the Nisnevich Gersten complex associated
to an A1-invariant cohomology theory with Nisnevich descent for smooth schemes over S.
For E ∈ SptS1(SmS) and a morphism f : Y → X in SmS , induces the map
ηf : EX → f∗EY
in SptS1(XNis). Furthermore, for a closed subset Z ⊂ X , pullback Z˜ of Z along f and a pullback
diagram
X˜ \ Z˜ X˜
X \ Z X
j˜
f˜ f
j
we can define the morphism
ηf : EX/Z → f∗EZ˜/Y
for details see [SS2, Constuction 5.3]
In the following proposition we use, Gabber’s presentation lemma over Noetherian domains with all
residue field infinite. This proposition generalizes [SS2, Proposition.5.9] to a more general base. The
proof is exactly the same expect the input from the presentation lemma.
Proposition 3.1. Let E ∈ Spt1S(Sms) be a A
1-Nisnevich local fibrant spectrum. Let X ∈ SmS ,
Z →֒ X be a closed subscheme and x be a point in Z lying above s ∈ S, such that dim(Zs) < dim(Xs).
Then Nisnevich-locally around x there exist
(1) V ∈ SmS a smooth relative curve p : X → V with Z finite over V
(2) a closed subscheme Z ′ →֒ X containing Z such that codim(Z ′, X) = codim(Z,X)− 1.
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and the forget support map induces the trivial morphism
p∗EZ/X → p∗EZ′/X
in the homotopy category.
Proof. From [DHKY, Thm. 1.1] we can find a Nisnevich distinguished square
X \ Z X
A1V \ f(Z) A
1
V
f
such that Z →֒ X
f
−→ A1V
pi
−→ V is finite, after possibly shrinking X Nisnevich locally around x.
Let p = π ◦ f , Z = p(Z)red and Z
′ = p−1(Z). Since π and f are flat, so is p hence it follows
that codim(Z ′, X) = codim(Z,X) − 1. By the excision [SS2, Lemma 3.11] it follows that the upper
horizontal morphism in the following diagram
Ef(Z)/A1V f∗(EZ/X)
EA1Z/A1V f∗EZ′/X
≃ f
is an equivalence. In the above diagram the vertical maps are respective forget support maps and
f−1f(Z) = Z. Applying π∗ to the above diagram we get the following diagram:
π∗Ef(Z)/A1V p∗(EZ/X)
π∗EA1Z/A1V p∗EZ′/X
≃ f
From [SS2, Lemma 5.8], the left vertical map is trivial. Hence the right vertical map is also trivial
thereby proving the proposition. 
Corollary 3.2. Under the assumptions of the previous proposition, the forget support map
EZ/X(X
h
x,η)→ EX(X
h
x,η)
is trivial, where o is the the Henselian local scheme at s, η is the generic point with quotient field k,
Xhx,η is the generic fiber and EX(X
h
x,η) denotes stalk of E at x of X.
Proof. By Gabber presentation lemma, we can find a cofinal family of Nisnevich neighbourhoods
(W,w) of x each admitting a Nisnevich distinguished square as in the previous proposition. Since,
E(Xhx,η) is the colimit colim(W,w)E(Wη), where Wη is the generic fiber it is sufficient show that for
such neighbourhoods the forget support map is trivial. So we assume W = X . Indeed, if X admits
a Nisnevich distinguished square with Z/V finite, we still have a distinguished square on the generic
fibers,
Xη \ Z Xη
A1Vη \ fη(Zη) A
1
Vη
with Zη/Vη finite. Then, we can argue as in the previous proposition for Zη ⊆ Xη. 
We now prove the main theorem.
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Proof of 1.1. As we can check exactness stalkswise, we can assume S to be spectrum of a Henselian
local ring. By [SS2, Proposition. 4.6(2)(ii,iii)] first part of the theorem follows from showing for a
given closed subscheme Z ⊂ X of codimension= s ≥ 2, there exists Z ⊆ Z ′ ⊆ X with codim(Z ′, X) <
codim(Z,X), such that forget support map En+sZ/X → E
n+s
Z′/X is trivial. Proposition 3.1 implies the
existence of such a Z ′ for a given Z.
Now suppose the forget support map EXσ/X(X
h
x )→ EX(X
h
x ) is trivial. Again by [SS2, Proposition.
4.6(1),(2)(i)] and 3.1 it’s sufficient to prove EZ/X(X
h
x ) → EX(X
h
x ) is trivial for closed subsets Xσ (
Z ( X . We can assume X to be a Henselian local scheme . Now Z = Xσ ∪ Z
′ (such that Xσ 6⊂ Z
′)
and taking U = X \ Z, Uσ = X \Xσ, U
′ = X \ Z ′ we have the following exact triangles
EZ′/X(Uσ)→ EX(Uσ)→ EX(U)
and
EXσ/X(X)→ EX(X)→ EX(Uσ)
where EXσ/X(X) → EX(X) is trivial (by assumption) and EZ′/X(Uσ) → EX(Uσ) is trivial(By
Corollary 3.2). Thus we obtain retractions rσ of EX(X) → EX(Uσ) and r1 of EX(Uσ) → EX(U).
Composing these two retractions we observe, using following exact triangle
EZ/X (X)→ EX(X)→ EX(U)
that EZ/X(X)→ EX(X) is trivial. 
3.2. Bloch-Ogus Theorem. Now we specialize to the e´tale cohomology. Since the main work in
done in Theorem 1.1, the results in this section follow exactly as in [SS2, §6]. We mention some of
the results here for the sake of clarity. We fix the following notation
(1) Let X be a connected, essentially smooth scheme of finite dimension over S with structure
morphism pX .
(2) Let Λ the group Z/m for m an integer co-prime to p = char F.
(3) Let Dbc(Xet,Λ) be the derived category of bounded(above and below) complexes for which all
the cohomology sheaves are constructible sheaves of Λ-module.
(4) For convenience we will call a complex K• ∈ Dbc(Xet,Λ) with locally constant cohomology
sheaves Hq(K•) for all q an l.c.c. complex.
(5) Let ǫ : Xet → XNis be the canonical morphism of sites, by abuse we use the same notation
for SmS,et → SmS,Nis.
(6) For a given l.c.c complex K• ∈ Dbc(Set,Λ) ,we have the pullback p
∗
XK
• ∈ Dbc(Xet,Λ). We
again denote by K• the complex in Dbc(SmS,et,Λ), which restricts to p
∗
XK
•. (Note that X ∈
SmS ).
(7) Fix a Nisnevich local fibrant spectrum E(K•) ∈ SptS1(SmS) corresponding to Rǫ∗K
• under
the Dold-Kan correspondence.
Lemma 3.3. Assume that X is Henselian local with closed point x in the special fiber of X/S. Let
K• ∈ Dbc(Set,Λ) be a l.c.c. complex. Then the canonical morphism σX,∗Rσ
!
XK
•|X → K
•|X induces
the trivial morphism in Db(k(x)et,Λ):
x∗σX,∗Rσ
!
XK
•|X
≃ 0
−−→ x∗K•|X .
In particular, the canonical map RΓXσ (Xet,K
•|X)→ RΓ(Xet,K
•|X) is trivial.
Proof. See proof of [SS2, Corollary. 6.7] 
Theorem 3.4. Let S be the spectrum of a noetherian domain with all its residue fields infinite. Let
X/S be smooth, d = dim(X) and K• an l.c.c. complex in Dbc(Set,Λ). Then the Nisnevich Ger-
sten complex G•(E(K•), n) is a flasque resolution of the Nisnevich sheafification Rnε∗K
•|X of e´tale
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cohomology with coefficients K•. In particular, we get the exact sequence
0→ Rnε∗K
•|X →
⊕
z∈X(0)
z∗H
n(k(z),K•|k(z))→ . . .
· · · →
⊕
z∈X(d)
z∗H
n−d(k(z),K•|k(z)(−d))→ 0.
Proof. [SS2, Proof of Theorem 6.8] Since the projection π : A1X → X induces a quasi isomorphism
p∗XK
• → Rπ∗p
∗
XK
• (see , [Fu, Corollary 7.7.4]), it induces quasi-isomorphism on cohomology
RΓ(XNis,Rǫ∗p
∗
XK
•)→ RΓ(A1X,Nis,Rǫ∗p
∗
A1X
K•),
now from Dold-Kan correspondence it follows that E(K•) is A1-local. From Theorem 1.1 and Lemma
3.3 it follows that G•(E(K•), n) is a flasque resolution of Rnε∗K
•|X .
Consider the Gersten complex Gs(E(K•), n) =
⊕
z∈X(s) z∗z
∗E(K•)n+sZ/X , From the proof of [SS2,
Proposition. 3.22] we see that j∗E(K•)n+sZ/X = z∗z
∗E(K•)n+s
z/Xlocz
. Furthermore from the defini-
tions we get, z∗E(K•)n+s
z/Xlocz
∼= Hn+sz (X
loc
z,et,K
•), where X locz = Spec(OX,z). Using absolute purity,
Hn+sz (X
loc
z,et,K
•) ∼= Hn−s(k(z),K•(−s)), this proves the theorem. 
Theorem 3.4 immediately gives the following version of Bloch-Ogus theorem after taking the Nis-
nevich stalks of the spectrum.
Corollary 3.5. Let S be the spectrum of a noetherian domain with all its residue fields infinite. Fix
a point s ∈ S, let F be its residue field Let X/S be smooth of finite type, d = dim(X) and K• an
l.c.c. complex in Dbc(Set,Λ). Let x be a point of X lying over s and Y = X
h
x the Nisnevich local
scheme at x. Then there is an exact sequence
0→ Hn(Yet,K
•|Y )
e
−→
⊕
z∈Y (0)
Hn(k(z), z∗K•|Y )
d0
−→ · · ·
· · ·
dd−1
−−−→
⊕
z∈Y (d)
Hn−d(k(z), z∗K•|Y (−d))→ 0.
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